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ABSTRACT: A new selection of input-output variables for a simplex algorithm in linear programming (LP)
problems is introduced in this paper. An appropriate pivot rule to find the entering and leaving variable is one of
fundamental steps forsimplex method. Unfortunately, such a classical pivot does not only fail to bring about any
savings in a associated computational cost, it may also lead to cycling problems (which are typically solved by
Bland's scheme) or simply it fails to improve the objective function. Combining the perturbation scheme of
suboptimality and cycling, with Dantzig's pivot rule we propose a procedure that addresses these issues. The new
rule has an improved algorithm effectiveness in the sense of the reduction for the number of iterations. When
compared to those of existing pivot rules, calculational results demonstrate that the suggested rule is not only
optimal during each iteration but ako facilitates improvements in computation time for linear programming
problems. The cycle problem of the Dantzig's simplex pivot rule & settled by a new pivot rule proposed, which
similarly as much improves the objective function How possible with every iteration. Moreover, it can have the
optimal LP value in less iterations.
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1. INTRODUCTION

A simplex algorithm is one of best-known solutions methods for linear programming, first introduced in 1947 by
George Dantzig. It has been widely applied to multiple fields based on its high computational efficiency [1,2], for
example, transportationoptimization, productionscheduling, and resource allocation.

But, one of the most difficulty on this algorithm is how to decide when an variable comes in and when occurs its
output one, and those affects directly its performance and computational speed. In this study, a new pivot rule is
proposed to address the limitations of classical methods, which not only overcomes existing issues but also improves
the overall performance of thealgorithm [3].

Recently, several studies have pointed out that although the simplex method is competitive in practice, particularly
for medium- and large-scale problems where the choice of pivot rule impacts its convergence rate as well as its
robustness [4,5]. For instance, Kitaharaand Mizuno (2019) showed that advanced rules such as the steepest-edge pivot
can decrease iterations on nondegenerate problems. Also, GPU based pivoting rules have been developed to exploit the
parallel computing potential which result in reduced execution times in large scale industrial environments [6].
Moreover, the rise of altemative solvers such as first-order methods (e.g., Google’s PDLP) has motivated a re-
examination of simplex pivot strategies. Though it is known that interior-point methods and PDLP have better
complexity estimates for very large LPs, the simplex method with a strong pivoting rule is still competitive due to its
practical reliability and efficiency in many applied contexts [7-9]. This shows that improving pivot generalization is not
only a theoretical game, but also a key to handle the discrepancy between classical algorithms and modem large scale
optimization requests.
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2. Problem statement
In the real world, linear programming problems may involve numerous variables and limitations, particularly in

business and industry where accurate on-the-spot solutions are required. Out of all pivot rules, Dantzig * s one is the

simplest and most efficient one [10,11]. However, it may cause cycling or over-number of iterations in some cases.
Hence, devising a plan to mitigate these issues is essential.

3. Researchobjectives

The primary objectives ofthis research are as follows:
To lessen the simplexalgorithm's necessary iterations.
To avoid cycling while the calculationis beingdone.
To improve the algorithm's overall performance, particularly for large-scale issues.

4. Literature Review

The efficacy for the linear algorithm and its pivot rules have been extensively studied. A summary of important
research in this field is provided below [12]:
Classical Pivot Rules: Dantzig’s pivot mule, introduced as the first method for selecting entering variables due to its
simplicity and efficiency, has been widely used (Dantzig, 1963). However, this method can lead to cycling and requires
a large number of iterations in some cases. Subsequent studies have aimed to address these limitations [13].

Mathematically, Dantzig’s rule selects the entering variable € by maximizing the reduced cost:
— _ Tp-1
e =argmax {¢;— z;}, z; =cgB *A;
ngN { 'j j} j B v
4;

where B is the basis matrix, is a/-th column for the constraint matrix, and % is a cost coefficient of variable

Xj . This choice oftenaccelerates improvement in the objective function but may lead to cyclingin degenerate cases.
To address this, Bland (1977) proposed the anti-cycling rule, which chooses the smallest index among eligible
variables:
e=min{j EN | g —z > 0}

Ensuring finite termination at the expense of possibly slower convergence.
Improved Rules: Forrest and Goldfarb (1992) introduced the steepest-edge rule, where the selected variable is
entered. based onthe maximum ratio of reduced cost to the Euclideannormofthe associated column:

C; — Z;
] ]
e —argmax ——————
STEN B4, I

This approach often decreases the quantity of iterations by accounting for the “steepness” of improvement in the
feasible region.
Modern Dewelopments: Kitahara and Mizuno (2019) mathematically demonstrated iteration bounds for steepest-edge
rules in nondegenerate LPs, while randomized pivoting strategies (Friedmann et al., 2011) showed that probabilistic
selection canachievesubexponential complexity in expectation.

With advances in high-performance computing, GPU-accelerated simplex algorithms adopt the same pivot
selection rules but implement matrixupdates in parallel, reducing time complexity per iteration from 0(mn) 1o nearly

mn
O -
( P, whereP is the numberof parallel processors.

Finally, machine-learning-based pivoting (Liu, Wang & You, 2024) frames the pivot selection as a classification
problem, learning a function fo(x) that predicts the optimal entering variable based on features derived fromB 4
and reduced costs, i.e [14].:

e=fa (cj -z, |l B_lAj- Il, degeneracyindicators}
which dynamically adapts during iterations.

Improvementsto Pivot Rules:
Numerous studies have been conducted to enhance Dantzig’s pivotrule. Forexample:

Bland’s Rule (1977): The pumpose of this wle is to guarantee that the simplex algorithm always converges to the
best solution by preventing cycling. However,applying this rule in practice could make computations take longer.
Luchinger-Zander’s Rule: According to a sensitivity analysis with respect to OBJ coefficients, the rule effectively
reduces number of iteration.
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Recent Methods:

Recent results were concerned with the merger ofold pivot rules and new ideas. Forinstance:

Pivoting: One possibility to reducecyclingis by randomly selecting the entering variable.

Hybrid Algorithnms: There s a promising performance of combination of the simplex method with metaheuristic
approaches like genetic algorithms or simulated annealing [15].
Large-Scale Problems:

In high dimensional problems, obtaining a quicker convergence and computation time is even more relevant.
Literature has proved that the performance of Simplex Algorithm can be greatly improved with methods like parallel
processing and matrix optimization [16].

Innovation of this research

In this paper, we present a pivot rule that avoids cycling and results in faster convergence. The new approach
enhances the performance of the simplex method, particularly for largesize problems by using methods to restrain the
search space as well as sensitivity analysis of coefficients [17].

5. RESEARCH METHOD

5.1 Data Collection:

The test aspects of the method were tested ona set of different-sized LP problems. These problems were both
scaled examples fromreliable sources and industrial optimization problems like production planning and
transportation scheduling. Recently, researchers have stressed the maxim that pivotrules should notonly be tested on
benchmark data sets and large-scale realistic instances to ascertain robustness and computational efficency [18,19].

5.2 Creationfor the Suggested Algorithm:

The objectiveof a proposed pivotrule was to decrease probability of cycling, andat eachiterationselect a
variable which improves the current (in terms of function value) target function as much as possible. This rule is based
on sensitivity analysis of coefficients and improvementrates serves of the constraint matrix. Relate strategies using
sensitivity analysis and nested pricing havebeeninvestigated to improve the choice of entering variables [20]. More
recently, hybrid or machine learning (ML) based architectures have been suggested in which pivot decisions are
adjusted onthe fly based on predictive models.

5.3 Dantzig's PivotRule:

Following the linear (continuous) model literature in its standard version, Dantzig’s (1963) naive rule sets the
benchmark for most comparative analyses. However, theoretical improvements [21, 22] and practical parallel
computational optimizations on GPU platforms havebeenachieved in recent studies [23, 24]. The above contributions
have shownthatit is crucial for us to reconsider pivot selectionboth in terms of theory and implementation,
particularly in this era of high performance computing [25],

Maximize € X 1)
Ax = b

Subjectto{ x=0

Where:

A € R™"m < n),b e R™c €R",rank(A)
=m (2)

It is assumed that A = [B N] after updating (resetting) column A, where B is an invertible matrix of order mxmand
N is a matrix of order mx(n-m). In this case, N is referred to as a non-basic matrix and B as the basic matrix. JB and

JN stand forasets for basic and non-basic indices, respectively.
Xg

When we look at the equation Ax= b, we assume that x =|XN‘ is a plausible solution, where xB = B—1b and xN
{Ax = b
=0. Oneway to rewrite the constraintsystemt X = 0 isas follows:
Bxg+ Nxy = b
{ x=20,Xy=0
A fundamental viable solution of the systemis x if xB > 0. Suppose that a workable solution to system (1) is
7o
0 ! where a value for the objective function, represented by z, is computed as
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follows:

20= BBTB-1b ©)]
Then:

xg=b_X i€y vjxj 4

In this case,bz B-1b and Yj = B—1Aj. The symbols Aj and Yj stand for the j-th column of matrix A and B—1b,
respectively. Given that zis the objective function's value, we obtain

xB =20~ ¥j € jN €]xj (5)
where the lower cost is represented by Cl= cj—zj.

zj = cBTB-14j =cBTYj (6)
Theresultsindicate that, upon obtainingthe optimal solution, the setof indices:
J={j €JNTc/ >0} ()

will be vacant. Assume the following ifthe set ofindices Jis notempty:

e = argmax (':Ti’j € j) 8)
If the set of indices:
{ell2...,m}|Y (@i e >0} ©)
is empty, then LP (1) is unbounded. Assume that:

b
s=argmin{¥ie) Y (i, e) > 0} (10)

Accordingto Dantzig's rules, theincoming variable's indexis e, and the departing variable's indexis s.
Y (i, e) is utilized forthe pivot operation. Table 1displaysthe simplexapproachtableau:

Table 1 Simplex Method Tableau Format

C cB CN
xB xN
cB In Y =B-1AN b-p_1p
y4 0 cBTYj z0=cBTB-1b
c, 0 cj—zj—

Optimal pivotrule

The decision-making rule about the index j, where €] > 0, is a crucial component in assessing the simplex method's
success. It is taken into consideration when entering the basis after the pivot operation. The time complexity for
verifying that €] > 0 for every j is O(m), as is well known. The overall time complexity is around O(mn) if we take
into account checking every scenario that might occur in J. The time needed to finish the remaining pivot operations,
O(km), is compared to this. Here, k is the number of m pivot operations that must be completed before B-1 i
calculated. The selection of pivoting rules, however, has a significant impact on both the overall number for pivots
needed to get abest solution (assuming one exists) and the performance of each pivot individually. The time needed to

verify the pivot operation, with a complexity of O(m), is as follows for each j with E] >0
b

1 J—

t=argmin{¥ie) Y (i, e) > 0} (1)

The total time needed to examine the maximum (n—m) pivots is O(mn) for any feasible J. The most
computationally demanding phase in the simplex method is pivoting, which involves figuring out B—1. This takes
more time than it would take to verify every potential pivot in J, with a tenporal complexity of O(m3). If there is an
ideal solution, the simplex technique may conpute it more quickly by reducing the number of pivots, or iterations. It
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might be argued that further calculations are necessary to determine this ideal pivoting rule. On the other hand, the
optimumpivoting rule’'s efficiency stems fromits simple computing cost. Assume:

B
0 (t, j)= Y (12)
The simplexalgorithmwith optimum pivoting criteria follows thesesteps:
Step 1: Assume:

e =argmax e=arg amx{C,j €] N} (13)

The algorithmterminates if:
“T. ce>0forallj €] N,then xBk,xNk is an optimal solution.

2. If there exists j € JN such that C:i >0 and y(i,j) < 0forall =1,2,...,m, then the LP problemis unbounded. In
this case, thealgorithmterminates.
Step 2: To get the bestanswer, use the given pivoting rule to identify the incoming and exiting variables:

— 0 0

Foreach j € J N (with c¢j > 0), assume N]g JN such that j€ In ,and we assume that relation (12) holds, andalso:

b;

6 (s, e = max {0 (t, j) c J € Inoand t = argmin { Ya=e» Y (i, e > 0) }
(14)

We suppose that the departing variable's indexis s and the incoming variable's indexis e.

Step 3: Update the tableau, execute the pivot operation forthe incoming and exiting variables, and go back to Step
1if theresult is suboptimal.

First definition: A cycle i triggered if the value of the goal function remains unchanged for two successive
pivoting steps.

A cycleis a series of pivots that ends upback at the initial set.

First Theorem (Optimal Pivoting Rule Termination): The simplex technique ends in a limited amount of time
with an optimum solutionandno cycles if it employs the designated optimal pivoting rule.

Evidence:

Assuming pivot operations are used to implement the simplex approach, take into consideration two successive

bases, Bk and Bk+1 (k>1). Let the set of variables with positive reduced costs be [Nk ={j € ] N/ E] >0}. When x(j)

€ ] Nk}, the objectivefunction's value might increase foreach
bi bi

Assume thatt=argmin{¥ie),\Y (i, e) >0} and 6 (¢, j) =¥iie The objective function value canimprove

by 6 (¢ /) €J i

If the solution obtained does not change, meaning 6 (t, j) =0for j € ] Nk, in other words, if j = argmax {€]/ j
€ ] Nk} (as per Dantzig's rules), thisresultsinacycle.

Now suppose that:

0(ci)g:j € J,, and (t = argmin {——,,Y(i,e) > 0)}

0 (s, e) =max Ylie) (15)

If 6(s,e)c] > 0 and we suppose that the values of the objective function are C BkX Bkand C Bk+1x Bk+1, which
correspond to x kand x Bk+1,then we get:

¢ Bk+lx Bk+l= ¢ Bkx Bk+ 0 (s, e © e = ¢ Bkx Bk< ¢ Bk+lx Bk#l
(16)

If the solutions are derived fromtwo consecutive bases Bk and Bk+1, the objective function value cannot remain
constant,anda cycle cannot occur.

Conjecture 1:1f 6 (s, e) Ce=0,then necessarily:

0t i) =07 jeJNk=D: =0 (17)

In this case, the current solution will never improve using the simplexalgorithm. Furthermore, the LP problem has
no solution.

6. RESULT

The new optimum pivot rule’s performance was assessed by contrasting it with Dantzig's original pivot rule and
other approaches that were already in use inside the simplex framework. MATLAB was used to develop the method,
and the number of iterations, computation time, and convergence rate were among the performance indicators.
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Simulation Setup:

The following computer specs were used to run thesimulations:
Processor: Intel Core i7

Memory: 16 GB RAM

Software: MATLAB R2023a

Dataanalysis

The considered problem

The MATLAB generator is used to produce the data at random for the LP issues under consideration. The
connections (1) and (2) are how we construct the LP issue. A random matrix of order m x n, SPRAND (m, n, density)
is a sparse matrixwith a uniformnonzero entry distribution and an estimated density of m x n. P% is the density that
is used.

A =round (sprandn(m.n.p)) + 0.5 (18)
P =80 whenn <500 and p =50 when n>500 (19)

The vector containing random elements, RANDN(1,m), is the basis on which the datab are created. A vector with
randomelements called RANDN(N,1) is used to produce thedatac..

c[l: m— 1]=abs (round (1.5 x randn ([1, m])))+ 1 (20)

and

¢ =abs (round(2 x randn([1, n]))) — 1 (21)

To create abounded issue, thematrix A is subjected to an extra input restriction..

Z?= 1 X <p and b(m)=n (22)
7. FINDINGS

We compare Dantzig's original pivot rule, which was implemented in the MATLAB programming environment,
with the new optimum pivot rule to assess its performance. Additionally, the simplexapproach included in MATLAB'S
Optimization Toolbox is contrasted with the optimum pivot rule. CPU time and the number of iterations (pivots) are
the performance measures considered in the comparison. Keep in mind that SML stands for the simplex method in
MATLAB, OPR for a simplexalgorithm with the optimum pivot rule, and DPR for a simplexalgorithm with Dantzig's
pivot rule. A comparison of the average number of iterations and CPU time for OPR, DPR, and SML simplex
algorithrms used to solve LP issues is shown in Table 2. Compared to DPR and SML, the OPR pivot rule often requires
fewer iterations and less CPU time. As the number of problem variables and constraints rises, the DPR pivot rule
produces fewer iterations. The suggested pivot rule outperforms. Dantzig's pivot rule, according to simulation data.
The comparisonofiteration counts is shownin Table 2:

Table 2 Comparison of Iteration Counts in Dantzig's Method and the Proposed Method

. . . . Simplex in
Problemsize Optimal pivot Dantzig’s pivot MATLAB
No Number Number Number
m n | Of cy | of cu | of CPU
iterations iterations iterations
1 30 60 28 0.031 174 0.001 169 0.11
2 40 80 41 0.015 275 0.032 274 0.22
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3 50 100 80 0.068 573 0.047 570 0.48
4 100 150 165 0.15 4468 0.82 4412 8.73
5 110 175 259 0.32 7150 1.52 7153 16.33
6 120 190 270 0.37 7399 184 7368 17.73
7 130 200 268 0.40 7500 2.23 7497 26.16
8 140 250 368 0.68 9582 3.63 9580 29.95
9 170 300 o557 1.46 17597 11.09 17596 89.10

10 200 350 621 2.03 23541 19.58 23546 2145

11 250 400 1084 4.78 32408 37.28 32407 482.4

12 300 450 1263 7.24 60514 9420

13 350 500 1576 12.9 86002 267.51

14 400 600 1846 23.16 113162 666.02
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Comparison of Iterations
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FIGURE 1 Comparison of Iteration Countsbetween the Proposed Optimal Pivot Rule, Dantzig’s Pivot Rule, and MATLAB
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Simplex Method

8. CONCLUSIONS
The optimum pivot rule is a novel pivot rule that we suggested. This rule’s concept i to determine the objective
function’s ideal improvement with the addition of the entering variable to the foundation. Our tests show that the

suggested pivot rule outperforms Dantzig's pivot mle in terms of speed and iterations. The average number of
iterations for each approach is shown in Table 2. We find that the optimum pivot rule-based simplex approach is very
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effective at resolving large-scale linear programming issues. The results showthat the simplex method works well with
the revised optimum pivot rule. Furthermore, we demonstrated that the simplex algorithm's cycle problem is resolved
by the optimumpivot rule.
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